CONVEX-TRANSITIVITY OF BANACH ALGEBRAS VIA 

IDEALS 
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Abstract. We investigate a method for producing concrete convex-transitive 
Banach spaces. The gist of the method is in getting rid of dissymmetries of 
a given space by taking a carefully chosen quotient. The spaces of interest 
here are typically Banach algebras and their ideals. We also investigate the 
convex-transitivity of ultraproducts and tensor products of Banach spaces. 



1. Introduction 

In this paper we study and construct Banach algebras with a rich isonietry 
group, which, in a sense, comes close to acting transitively on the unit sphere. To 
facilitate the discussion, let us recall some basic notions. We denote the closed 
unit ball of a Banach space X by Bx and the unit sphere of X by Sx- A Banach 
space X is called transitive if for each x G Sx the orbit Gxix) = {T(x)\ T: X ^> 
X is an isometric automorphism} is Sx- In other words, the isometry group acts 
transitively on the unit sphere. If Gx{x) = Sx (resp. coiw{Qx{x)) — Bx) for 
all X £ Sx, then X is called almost transitive (resp. convex-transitive). It was 
first reported by Pelczynski and Rolewicz in 1962 [17] that the space is almost 
transitive for p e [l,oo) and convex-transitive for p = c» (see also [2Q]). These 
concepts are motivated by Mazur's rotation problem appearing in [1] p. 242], which 
remains open. We refer to [3] for a survey and discussion on the matter. 

By applying categorical methods one can verify the existence of a rich class of 
almost transitive Banach spaces (see e.g. the above survey). However, not so many 
concrete almost transitive or even convex-transitive spaces are known. Specimens 
of such spaces can be found for example in , [3] , [13] , [T^ and [T^ . The purpose 
of this paper is to investigate a method for producing concrete convex-transitive 
Banach algebras. 

In many apparently 'fairly homogenous' Banach algebras there exists an obvious 
obstruction for the convex-transitivity of the space. For example, in whose 
isometry group has the anticipated form 2.f.l4]), there exist both finitely and 
infinitely supported vectors. The cardinality of the supports of the vectors are 
preserved under the isometrics, thus y ^ conv(C/^oo (x)) for y £ £°° \ co, x € co, 
and therefore fails to be convex-transitive. Here we consider a natural remedy 
to the non-convex-transitivity by removing the obstruction caused be the finitely 
supported vectors, while roughly retaining the structure of the space. Namely, 
£°°/co = C(/3a; \ w) is a convex-transitive space, as was observed by Cabello ([5]). 
In fact, this was established mainly from topological considerations, but here we 
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obtain an alternative route to this result, without any reference to /3w, by observing 
that Co is a suitable ideal of (see Section 13. 1|) . 

For another type of example, recall the standard Calkin algebra 

C(H)=S(H)//C(H), 

H a separable complex Hilbert space, is a quotient of bounded linear operators on 
H (i.e. B{R)) by the ideal of compact operators, /C(H). The Calkin algebra is 
convex-transitive, as was observed by Becerr a- Guerrero and Rodriguez-Palacios in 
[2]. In B(H) there appear intuitively two 'levels' of operators: the operator norm 
closure of finite-rank operators, i.e. the ideal of compact operators /C(H), and the 
SOT-closure of these operators, i.e. the ideal of all operators B(H). Clearly, in 
S(H) the compact operators are not suitable for approximating general operators 
in the operator norm but in passing to the Calkin algebra this particular problem 
ceases to exist. An optimistic philosophy behind this example is that dividing out 
the compact operators homogenizes the space S(H), as there will be in a sense only 
a single 'level' left, and the high degree of symmetry of the Hilbert space takes care 
of the rest in achieving convex-transitivity. 

For general Banach algebras the situation is different, as there can exist more 
natural ideals and less symmetry. Still, the convex-transitive examples C(H) and 
£°°/co are fairly different. This suggests that the described rationale for the exis- 
tence of convex-transitive spaces could be applicable in various settings. 

In fact, it turns out that this kind of approach is fruitful in connection with sur- 
prisingly many kinds of unital Banach algebras. The main results here are about 
constructing convex-transitive Banach spaces by taking a quotient with respect to a 
carefully chosen subspace, which is typically an ideal. We will study symmetries of 
function spaces on some known topological spaces and on infinite trees. We investi- 
gate the symmetries of Banach algebras with ideals defined in terms of ultrafilters 
and ideals on sets. We will give examples of convex-transitive Corona type algebras 
related to the previous Calkin algebra example. At the end of the paper we com- 
ment on the symmetries of projective tensor products. To conclude, by using our 
method, we obtain various natural examples of convex-transitive spaces, and in the 
constructions we also observe some connections to other branches of mathematics, 
such as Ergodic theory, or ideals on regular cardinals. 

1.1. Preliminaries. We denote by X, Y and Z real Banach spaces. The closed 
unit ball and the unit sphere are denoted by Bx and Sx, respectively. We denote 
by 

C?x = {7"! 7": X — X is an isometric automorphism} 

the isometry group of X. We refer to [5], [7], [S], [TO], [II], [H], [TO] and [10] for 
suitable background information. 

Given a set F we denote by V{T) = {A C F} the power set of F. Given a compact 
space K we will denote by y[{K) the space of regular Borel measures with the total 
variation norm. If / G L'p = iP([0, 1], m), where m is the Lebesgue measure and 
A C [0, 1] is measurable set with m{A) > 0, we write E(/|A) — ^^^^^ / dm. 

We denote by S(X, Y) the space of bounded linear operators X — Y. We write 
/B(X) — B(X,X) and I is the identity operator. If X is a Banach algebra, we 
sometimes consider S(X) as a left X-Banach module, where the operation a; • T is 
given by {x ■ T)[y\ = xT[y\ for T G S(X) and a;,y € X. In the case where X is a 
function space, say, on 17, we will adopt the notation 1a ■ I, where I is the identity 
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mapping and 1a is the characteristic function (or indicator function) supported on 
A C r2 in a sensible way depending on the setting. 

As customary, we wih denote by C(X) the Calkin type of Banach algebra B(X)/JC(X). 
We denote by S(X) C B(X) the (2-sided) ideal of operators with a separable range. 

Given a Banach space X with a locally convex topology t and a subspace Y C X, 
we sometimes consider X/Y in topology r. This is a slight abuse of notation and 
is to be understood in the sense that X/Y has a locally convex topology consisting 
of sets of the form [/ + Y, [/ G r. Of course, the subspace Y need not be r-closed, 
a priori, and in this case the singletons in X/Y are not r-closed. 

An example of a locally convex topology on B(X) appearing here is the topology 
of uniform convergence on separable subspaces. This topology t is generated by a 
basis of sets of the following form: 



{TeB{X) : ||ri|Y-T|Yb(Y,x),r2|Y-r|Yb(Y,x),...,r„|Y~T|Yb(Y,x) <e}, 



where Ti,T2, . . . ,Tn G B{X), Y C X is a separable subspace and e > 0. For 
example, in S(£P(wi)), 1 < p < oo, the operators x i— l[o,a) ■ x converge to I as 
a ^ wi in the above topology r, but not in the operator norm topology. If X 
is separable itself, then t coincides with the operator norm topology. The strong 
operator topology (SOT) on B{X, Y) is the topology inherited from Y"^ with the 
product topology. 

Suppose that F is a set, 2 is an ideal on F, {xa : a £ F} is a subset of a Hausdorff 
topological space X and x E X. If for each open neighbourhood J7 of a:; it holds 
that {a e F : Xa ^ U} G I, then we say that Xa converges to x with respect to 
the ideal X, or lima^xXa = 2: in short. In this case, given .F = {F \ / : / G I}, the 
dual filter of X, we alternatively denote linia^jr Xa = x. 

If T is a topological space we denote by CB{T) the space of continuous bounded 
functions on T with the sup norm. Given an ideal I on T, we denote by CBq (T, I) C 
CB{T) the closed subspace of functions / such that limt^x |/(i)| = 0. This is truly 
a closed subspace, indeed, fix u G CBo{T,I) and e > 0. Let v G CBo{T,I) such 
that ||u - v\\ < e/2 and I el such that \v{t)\ < e/2 for t eT\I. By the triangle 
inequality \u{t)\ < e for i G T \ J and thus limt_x'"(^) = 0. 

An element x G Sx is called a big point if com7(Q(x)) = Bx. Given a lo- 
cally convex topology r on X, the space X is said to be r-convex-transitive if 
conv'^(^(x)) = Bx for each x G Sx- 

In order to check the convex-transitivity of a vector-valued function space one 
often wishes to run approximations by convex combinations simultaneously in in- 
finitely many coordinate spaces. In such uniformity for the convergence of 
the approximations is required. For this purpose the uniformly convex-transitive 
Banach spaces were introduced in [19], and they are defined as follows. Provided 
that the space X under discussion is understood, we denote 



for 71 G N and x G Sx. We call a Banach space X uniformly convex-transitive if for 
each e > there exists n G N satisfying the following condition: 




(1.1) 



dist(?/, Cn{x)) < e for all x, ?/ G Sx 
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that is, 

lim sup dist(y, C„(x)) = 0. 

For each e > we denote by K{e) the least integer n, which satisfies (11.11) and such 
K(e) is caUed the constant of uniform convex transitivity ofK.. 
The foUowing elementary fact is applied here frequently. 

Fact 1.1. For each x,y,z e Sx we have dist(a;, C„+m(z)) < dist(x, C„(j/)) + 
dist{y, C,n{z)). 

Recall that a contractive linear projection P: X — s> Y is called an isometric 
reflection projection if I — 2P G Qx, or equivalently, if ||I — 2P\\ = 1. If Z C X is a 
subspace such that there is an isometric reflection projection P : X** — >■ Z^^, then 
Z is a u-ideal of X. For discussion on u-ideals we refer to [12], where they were first 
introduced. 

2. Some concrete convex-transitive Banach algebras 

Recall that the Sorgenfrey line S is the set M with the topology generated by 
half open intervals [a. h) C M. Observe that these intervals are clopen and thus S 
is not locally compact. 

Theorem 2.1. Let S he the Sorgenfrey line, n € N, and let X he the ideal of sets 
I d S'^ such that I C [-fc. A:]" for some fc G N. Then CBo{S"-,I) is uniformly 
convex-transitive. 

Lemma 2.2. Let T he a Hausdorff, 0-dimensional topological space. Let / : T — > M 
he a continuous function and a, 5 G K, a < b. Then there exists a clopen set C <ZT 
such that f~^[[a, oo)) D C D oo)). 

Proof. Let j3T be the Czech-Stone compactification of T. Since T is completely 
regular, we have that T is embedded densely in /3T. Denote by /: /3T — M the 
unique continuous extension of /. Let K be the closure of oo)) in fiT. By 

using the fact that T is 0-dimensional fix a set of clopen subsets of T such that 
f-^{[^,oo)) C U-^ C f-^{{a, oo)). By studying / we observe that T\[jJ^r\K = 
0. Thus K C []y. 

Given A ^ J- , the characteristic function 1^ : T — >■ {0, 1} is continuous and 
admits a continous extension (iT — > M. In fact the image of this extension is still 
{0, 1}, since T is dense in j5T. Thus A is clopen in f3T. 

Consequently, the set {A C /3T : A G J-} is an open cover of K. Thus the 
compactness K yields that there exists a finite set T'o C J- such that {A C (3T : 
A G J^o} is an open cover of K. Since the sets A G Jij are already closed in T, we 
have that f~^{[b, oo)) C U Tq. Now IJ J^o is clopen in T as a finite union of clopen 
sets. Note that U Jo C f^^{{a, oo)) by the construction of T. □ 

Proof of Theorem \2.1\ Fix /o,5o G ^CBo(s-^,i) and e > 0. We may assume without 
loss of generality, possibly by multiplying /o with —1, that sup^gg,! /o(i) = 1- Then 
one can find intervals [a^, 6i), [q, d^) C S', 1 < i < n, such that |(7o(i)| < e for 
t G S^\Y{^[a,M) and /o(s) > 1 - e for s G n«[cnrfO. 

Note that lU^i'^'i) C S*" is a clopen subset and thus Injoi.&i) S S(7Bo(S",i)- 
Let hi'. S ^ S he homeomorphisms such that hi{[ai,hi)) = [ci,di) for 1 < i < n. 
Putting h — nr=i ^» defines a homeomorphism 5" — > S*". Since HJ'^i'^i) is a 
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clopen set, we may define rotations Ti, T2 G GcBo{S" i) by defining Ti{f) = f o h 
and T2{fm = (ln,K,b.)W " l5"\n.[a„6,) (*))(/ o h){t) for / e CBo(5",X) and 
t £ 5". Now Ijl]^. [a,.bi) — ZlWol+^M/o) II ^ Since e was arbitrary, we conclude 

that ln.[a,,&i) e conv^/c So (S", !)(/)• 

Finally, we will apply Lemma [2.21 as follows. Note that if C C S*" is any clopen 
set, then the mapping 5" — { — 1, 1}, t n> Ignyc" — Ic is continuous. 

By combining the proofs of Lemma l2.2l and ^19, Lemma 2.3] recursively one can 
find for each fc S N a partition of by disjoint clopen sets {Ci : 0<i<2fc — 1} 
such that goid) C [-1 + (2« - l)/2fc, -1 + (2i + 3)/2A;] for < i < 2/i: - 1. Similarly 
as in the proof of [TH Thm. 2.4] we put Bi — Uj>j Q ^'^^ define Ri G QcBa(S".i) 
by R^{f){t) = (IbM - lB=(i))/(i) for < i < 2k ~ 1, t e 5". Then 



Remark 2.3. Similar arguments as employed in the proof of Theorem 12 . 1 1 yield that 
C{K) is convex-transitive for Alexandroff 's double-arrow space K. 

Recall that the double-arrow space K — [0,1] x {0,1} is a closed subspace of 
[0, 1]^ in the order topology, where the order is the lexicographic order. Then K is 
non-metrizable, separable, compact and a typical counterexample space in topology. 
This example could be of interest because the corresponding C{K) space has some 
peculiar properties as a Banach space. Namely, it has been previously studied 
extensively in connection with some branches of functional analysis other than the 
isometric theory, for example, in the study of non-separable Banach spaces and 
approximation theory, see e.g. [33], [53]. The fact that C{K) is convex-transitive 
can also be recovered from jS] and |19) . 

2.1. Functions on infinite trees. Here we consider infinite trees T = k"^^ U 
where k is a cardinal and A is a limit ordinal. This has a natural partial order given 
by a; < y if a; is an initial segment of y. We endow T with the order topology. Note 
that T may be non-compact. We will study spaces CB{T) and CBo{T,I) where I 
is an ideal on T given by I = [ja<\ 'P{i^^°')- 

For example, in the case where k = 2 and X ~ lo. k^ ~ 2'^ is homeomorphic to the 
Cantor set A. The relevance to this discussion is that C(A) = C{T)/CBo{T,T) 
isometrically, and that C(A) is a classical example of a convex-transitive space 



We will obtain a method for producing other concrete examples of convex- 
transitive spaces, namely, C{k'^) is convex-transitive for k < uj. This is obtained by 
modifying the proof of Theorem 12.41 The similar statement holds for continuous 
bounded functions on the Baire space w", as the following result shows. 

Theorem 2.4. Let k be an infinite cardinal and X be a limit ordinal such that 
= \k\. Suppose that T = U k'^ is topologized similarly as above and let 




2k-l 



Thus we have the claim according to Fact 11.11 



□ 



m)- 



X = Ua<A^('*")- Then the space 



CB{k^) = CB{T)/CBo{T,I) 



is uniformly convex-transitive. 
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Proof of Theorem\K^ Let f,g G CB{T)/CBo{T,I), \\g\\ < \\f\\ = 1. Fix repre- 
sentatives f,g E CB{T), respectively. Without loss of generality we may assume 
that supjg^A f{t) = 1. Given e > there exists according to the definition of the 
order topology of T an ordinal a < A and an element s G such that f{t) > 1 — e 
for each extension t > s. 

Let 01 : T \ {1} — > T \ be an order preserving homeomorphism such that 

0i({(l, k) : k e k}) ^ {t e ■■ s ^t} and \ {1}) = {t G k°'+^ : s < 

t}. Indeed, here we apply the assumption that = Similarly, we define 

homeomorphisms (pi: T\ {i} T \ for i < uj such that (/)i({(z,fc) : k G 

k}) = {t G : s^t} and \ {i}) = {i G k"+i : s<t}. 

It is easy to verify that a: + CBq {T,I) ^ xo(j}, + CBo (T, X) , xeCB{T), defines 
an isometric automorphism on CB{T)/CBq{T,I) for each i. Note that 



Since the selection of e was arbitrary, we conclude that 

1t\^ + CBo{T,I) 
Finally, recalling Fact II. 1[ it suffices to check that 

(2.2) g G conv({r(lcB(T)) : T G GcBiT), T{CBo{T,I)) = CBo{T,I)})- 

By studying the behaviour of g at the limit nodes we observe that for each e > 
the tree T can be decomposed into a family of compact clopen subsets {C^}'y such 
that maxt^c-, git) — '^^''^t^c-, g{t) < £ for each 7. The claim (|2.2p is accomplished by 
applying an average of continuous changes of signs similarly as in Theorem l2.1l □ 

3. Large banach algebras, ideals and convex-transitivity 

Perhaps 'Sweeping problems under the rug' would have served as a more intuitive 
title for this section, as we wish to cover some undesirable parts of the space in an 
orderly fashion. Namely, our aim is to fade dissymmetries of the space by taking 
a quotient with respect to a suitable ideal. The ideal must be chosen carefully in 
such a way that, on one hand, it covers the sources of dissymetry that one wishes to 
get rid of, and, on the other hand, dividing out the ideal does not spoil the existing 
symmetries. 

3.1. Banach ideals from ideals on sets. 

Theorem 3.1. Let 'K. he a uniformly convex-transitive Banach space and let k, 
he an infinite regular cardinal. Let X he an ideal on k such that X C V(k) and 
each suhset A C k with \A\ < k is included in X. Let us assume that X has the 
following homogeneity properties: For each A, B d k, A, B ^ X, and e > there 
are (f>i: k ^ k, 1 < i < n, such that 



(2.1) 




for r G T \ K, m < ui. 



(i) 4>i ^{I) € I if and only if I £ X for 1 < i < n. 

(ii) ^ELil0.(s)(2^)>l-eforxGA. 
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Let US make a few comments before the proof. Recall that itself is far 
from being convex-transitive in view of the characterization of its onto isome- 
trics (see [ISl 2.f.l4]) as we discussed in the introduction. As regards the ti- 
tle of this paper, we note that if X should be additionally a Banach algebra, 
then £°°(k,X) becomes, with the pointwise multiplication, a Banach algebra and 
{{xa)a G ^°°(k,X) : lime Hawaii = 0} is its (closed, 2-sided) ideal. We note that 
the technical homogeneity property on X is motivated by considerations in jl9j . For 
example, the condition holds if I is the ideal of sets of cardinality < k, or, even 
for n = 1, if I is the dual ideal of an ultrafllter, which docs not contain any sets of 
cardinality < k, (see the proof of Lemma 3.2 in [22 ). li n — uj, then the above result 
contains the result appearing in [19] , namely that (X) / cq (X) is convex-transitive 
for uniformly convex-transitive X. 

Proof of Theorem \3.1\ Denote 

Ni = {{x^)o.<.&£°°{k,X) : lim||x„|| =0}. 

The fact that this is closed follows by similar argument as in the case BCq{T,2). 
Note that the norm on £°°{k,X) / Nx is given by ||x|| = iniiei \\^K\i{'^){xa)\\ for 

X = (Xa) + Nx- 

Let (f>: K — >■ K be a mapping satisfying (i). We wish to verify that 

(3.1) $: ( + Nx 

defines an isometric automorphism on ^°°(k,X) / Nx- Clearly $ is linear. Since 
(f>~^{I) G X for / G I, we obtain that $ is contractive, and it follows from assump- 
tion (i) that $ is really an isometry. To show that $ is onto, we will find /, J £ X 
such that is a bijection k \ / — > k \ J. One can deduce from (i) that 

(3.2) K \ 0(k \ /) e Z if and only if / e X. 

By the HausdorfF maximality principle let {Cp}^ be a maximal increasing chain of 
subsets of K such that (j)\c^ is injective for each /?. Then, by putting F = IJ^ Cp, 
we have that (j)\r is injective and (/)(F) — (t){n)- Since £ X, we obtain by (13.21) that 
J ^ k\ 0(F) = K \ (/)(k) G X and by (i) that / = k \ F e X. 

Let x, y e S£oo(^ x) / Nx- We wish to check that x e conv {{RTy : RT}) C 
i°°{K,X) I TVx, where T ranges over isometrics of the form p.ip and R ranges 
ill na<K^x- Towards this, let {xa)a<K, {Va)a<K e ^°°(k,X) be the corresponding 
representatives. Fix zq e Sx- Since X is uniformly convex-transitive, we obtain 
that 

)a<K e conv({i?[(||a;Q||zo) R}) c£°^{k,X) 

and 

{\\ya\\zo)a<n £ C0nv({5'[(?/a)a<K] : S}) C£°°(k,X) 

where R and S range in nQ<K ^x- It is easy to see that this type of isometrics on 
£°°{k,X) define in a natural way also isometries on £°°(k,X) / Nx- 
Thus, it suffices to verify that 

{\\xMa.<. + Nx emuv{{T[{\\y4zo)»<n + Nx)] : T})c^°°(k,X) / Nx, 

where T ranges over isometries of the type p.ip . Let e' > 0. Put A = {a G k : 
WUaW > 1 - e'} and B = {a e n : \\xa\\ > e'}. Note that A,B ^ I hy the selection 
of X and y- 
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It follows from assumption (ii) by using isometries of the form p.ip that there 
is (ca) e e°°iK) such that (cazo) + Ni e coiiv({r[(||y„||zo)a<K + Ni)] : T}) C 
£°°{k,X) I Nx, where Cq G [1 — e', 1] for a ^ B. Since e' was arbitrary, we obtain 
by applying suitable convex combinations with changes of signs, that 

(lB(a)zo)a<. + ^ieconv({r[(||y„l|zo)„<.+iVx)] : T}) C ^°°(ac, X) / Ni, 

and further that 

(||xal|zo)a<K + Afi6conv({T[(l|y„l|zo)a<« + iVi)] : T})c^°°(k,X) / Nx. 

□ 

The following example is an application of the above result. Let X be the Banach 
algebra of all bounded functions / : [0,1] — >• R with pointwise operations and the 
sup norm. Let I C X be the ideal consisting of functions, whose support has 
cardinality strictly less than the continuum. Assuming CH would translate to the 
statement that their support is countable or finite, but this is not essential here. 
Now, Theorem 13 . 1 1 yields that X/I is uniformly convex-transitive (regardless of the 
verity of CH) . If one considers Y to be the Banach algebra of measurable functions 
g: [0, 1] M instead, again with the sup norm, and is the ideal of the functions, 
whose support has Lebesgue measure 0, then Y/J ~ L°° isometrically, a classical 
example of a convex-transitive space Q20j). 

Let us denote 

C('^,X) = {{x„}„<, e £°°(k,X) : |supp(a;)| < a} C £°°(ac,X), 

where k, a are infinite cardinals, and a < k. 

Let K and A be cardinals of uncountable cofinality. Next, we will study the Ba- 
nach algebra £°°(A^)), where the algebra operation is the natural pointwise 
multiplication. We denote by 

depending on the fixed k, A, and we note that this is an ideal of the Banach algebra 
£°°(K^,i°°{X~^)). The fact that I is closed follows from the uncountable cofinality 
of K and A. By modifying the proof of Theorem 13. II we obtain the following result. 

Theorem 3.2. LetK,X and I be as above. Then the Banach algebra £°°{k^ ,£°°(X^ ))/ 2 
is convex-transitive. 

□ 

3.2. Corona type algebras. In what follows all Hilbert spaces are considered 
over the complex field. Becerra and Rodriguez proved ([2, Corollary 4.6]) that the 
Calkin algebra C(£^) = B{£'^) / JC{£'^) is convex-transitive. Next we will give a variant 
of this result. 

Theorem 3.3. The algebra B {£"^{1x11)) / S{£^{uJi)) is convex-transitive. The algebra 
C(^^(k)) is T-convex-transitive, where k is any infinite cardinal andr is the topology 
of uniform convergence in separable subspaces. 

Proof. The proof is a modification of the proof of (2l Theorem 4.5] , which states that 
Bb(^2) c conv(eg(^2)(r)), whenever T e B{£'^) satisfies \\T -\- IC(£'^)\\s(e^)/ic{e^) = 1. 
We denote by {e-y}-y<K the canonical orthonormal basis of £^(k). The case where k 
is countable is known from the above reference. 
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Observation 1. Given T e B{£'^{k)) such that \\T+]C{£'^{K))\\B(^i2(^^)yx:{P{K)) — 1, 
and a separable subspace Y C ^^(k), there is a countable subset T C k such that 
r(£2(r)) C £2(r) d Y, and WTU^^d + ICie^{m\B(Pir))/jciP(r)) = 1. Indeed, this 
can be obtained as follows. We select a countable subset Fq C k such that Y C 
f{To) and ||T|£2(r„) +/C(^^(ro))||f5(£2(r„))/K;(c2(ro)) = 1- Then we define recursively 
r„+i to be the union of r„ and the countable support of T(£^(r„)) for n < uj. 
Then the set T — [j„^^^n is as required. Clearly T|^2(r) is positive if T is such. 
Observation 2. Let P be an orthogonal projection on with infinite-dimensional 
range. Then for each n £ N there are rotations Ri, R2, ■ ■ ■ , Rn G Gl^ such that 

n 

\\i--j:Ri^pR.\\<-- 

i—l 

Indeed, by rotating we may assume without loss of generality that the range 
of P contains that of l[o.i/2] • I- We may select the isometrics Ri in such a way 
that the range oi R~^PRi contains that of l[o,i-2-*]u[i-2-'-i,i] 'Ii which yields the 
claim. 

Next we will indicate the required changes to the proof of [21 Theorem 4.5] in 
order to verify the first part of the statement. We fix T G B{i^{uJiy)/S{t^{ix}i)) with 
||T|| = 1. By using the regularity of wi we may select a representative T G B{(.'^{u)i)) 
having the same norm. We treat only the case where T is positive. 

We apply recursion of length wi to construct a partitioning of ui into countable 
subsets Fq,, a < oji, such that 

\\PaT\i'^(T^) +^{i^{^a))\\B(P(T^))/K(P(V^)) =1 for a < Ui. 

Here Pa is the orthogonal projection onto P{Ta)- Indeed, this can be obtained 
by applying Observation 1. and the fact that the countable segments of wi are 
negligible in calculating the quotient norm || • \\B{t'^(ui))/s{i^{LJi))- 

Let us consider self-adjoint idempotents tTq G B{i'^iTa)), more precisely, orthog- 
onal projections to infinite-dimensional subspaces provided by the spectral theorem, 
similarly as in the proof of [2j Theorem 4.5], such that UtTq.— 7rQPQT|f2(r„) ||B(f2(r^)) < 
e for a < wi. Denote by tt-^ the coprojection of tTo. By considering the averages of 
PaT and (I - 2Tx^)PaT we observe that 



•^Q e yij^{PaT\i,2^Y^) + RPaT\i2^Y^)) : R G 5e(^2(r„))|- 
By Observation 2. we have that 
n If2(r„) G conv({ {i?^i)p„ri?2')}„ : G \{QB(mr^))}. 

By using the Russo-Dye Theorem we obtain that Bg(£2((jj)-) = conv((?£2((^^-)). Thus 
Be(£2(wi)) = conv{QB(i2{uii)){T)). 

It is clear that all the isometrics of B{i'^{u!i)) applied above are realized as mul- 
tiplications X t-^ axb. Thus these isometries preserve the multiplicative structure 
of the space. This yields that all 2-sided ideals are preserved by these isometries. 
In particular, this holds for the ideal S{£'^{Ldi), and thus the isometries consid- 
ered induce isometries on B{£'^{uji))/S{£'^{lui)). This justifies the first part of the 
statement. 
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To verify the second part of the statement, fix T,Ti,Ui, . . . Un E B{£'^{k)) with 
llTi||i3(p(«)) < + /C(^2(K))||e(^>2(„))//c(^2(«^)) = 1, a separable subspace Y c ^^(k) 
and e > such that ||Ti|y - C^i|y|U(y,<;2(k)), ■ ■ ■ , \\Ti\y - C/n|Y||s(Y,£2(„)) < e. We 
have just fixed a r-open neighbourhood of Ti, see p.Sp . 

By using the argument of Observation 1. we get that there is a countable subset 
r C K such that 

(i) Yc^^(r). 

(ii) r(£2(r)),ri(^2(r)),[/i(£2(r)),...,c/„(^2(p)) ^^2(r). 

(iii) ||r|£2(r) + /C(£^(r))||g(^2(r))/K;(£2(r)) = 1- 

Note that our considerations reduce to the space ^^(r) by applying the average 
of the isometrics I and It^^r) ■ I ~ ^e^(K\r) ■ I- Note that multiplication with these 
isometrics gives isometrics on B{£'^(k)) and also preserve the ideal /C(£^(k)). 

Now we may apply [5J Theorem 4.5], which yields that 

Ti|£2(r) G conv((?e(£2(r))(7'|f2(r))) C B(f{r)). 

This means that the set of mappings conv(^/g(f2(p)-) (T|g(£2(p-)'))), embedded in B{£'^{n)) 
in a natural way, intersects the r-open neighbourhood 

(3.3) {U G B{£\k)) : \\U\y - Ui\y\\b(yjh.)), • • • , II^^Iy - U^WhiYA^i.)) < 4 

of Ti. Since Ti and the neighbourhood were arbitrary, we have that 

Bs(£2(^)) = conv^((/B(^2(^))(T)). 

The ideal IC{£'^{k)) is invariant under the rotations applied, as mentioned in the 
proof of [2, Corollary 4.6] and thus we have the claim. □ 

Next we will study the Banach algebra B{L°°), where the composition of maps 
is the algebra operation. 

We denote by I a (non-unital) left ideal of B{L°°) consisting of elements T such 
that hmt_j.i ||Toljj^^j -lH — 0. Let 971 be the Stone space of Bor([0, 1])/Ker(m) and 
we regard C(97l) = L°° isometrically. Recall that C{K)* = M{K) for any compact 
K by the Riesz theorem. Let us consider M = At<i ~'[0, i] C 9Jt under natural iden- 
tifications. This set consists of continuum many ultrafilters on Bor([0, 1])/Ker(m). 

We define a subalgebra A C B{L°°) by 

A = B{L°°)r\T^^ C BiL°°)**. 

It is easy to see that A contains the space B^,{L°°) of the dual (i.e. uj*-uj*- 
continuous) operators, e.g. An essential point here is that A does not contain 

any operators T G B{L°°), T ^ 0, such that T o l[o • I = for ah t < 1. 
Simple examples of such operators T on C{DJl) are the finite-rank operators / M- 
'^i^iiDUiy where iji G C(9Jl) and x* are the point evaluations Sk^ for points ki 
in the compact set M. In fact, for all T G B{L°°) and all x* G C(97l)* it holds 
that X* o T E M(9Jl) is supported outside of M (see Proposition 13. 6p . We denote 
J* =Tni3,(L°°). 

Observe that fixing a positive functional / G S^± C {£°°)* and writing 

F(T) = /({E(T(l[„^„+i]) I l[„,„+i])}„eN), T G B(i°°) 
defines a SOT-continuous functional in Sgj^ooj. such that F{I) = {0} and F{V) = 1. 
Theorem 3.4. The algebras A/I and B,,{L°°) /I^ are SOT-convex-transitive. 
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We will apply inverse systems of suitable approximations in the proof, which 
closely resembles a rather usual application of Markov chain discretization in Er- 
godic theory. Also, one recognizes a martingale condition in the formula (j3.4[) . On 
the other hand, the philosophy of the construction is very similar to the one dis- 
cussed in connection with the continuous functions on the Cantor set in Section 

Proof of Theorem \3.4\ The proofs for the claims are similar, except that the case 
of is a bit easier, so we will restrict our attention to the algebra A/I. 

We will work with finite decompositions coming from Bor([0, 1])/Ker(m), writ- 
ten p, or so, and the square p x p is denoted by p. Let A be the lattice of all 
such decompositions p. It has the operation pi V p2 of taking the unique common 
refinement of the decompositions, and pi A p2 is the finest decomposition such that 
both pi and p2 refine it. This lattice is bounded below by the element [0, 1]^. 

For all T g B{L°°), x G L°° we define an inverse system {MpjpgA of square 
matrices of reals, essentially of mappings {!,..., n}^ — !• M under suitable identifi- 
cations, but it is more convenient write them as Mp = Mp{T)[x\. These are defined 
as follows: given p £ A we put Mp = [ca,b\(a.b)^p-, where 

caAT, x) - E(r(E(.T I B)Ib) I A), X, Is G L°° . 

The corresponding finite-rank approximation of T and x are 

Aep Bep Bep 

and it is easy to verify that Tp{x) ~ ApTAp{x). Clearly Ap is a contractive projec- 
tion. 

The binding maps are given as follows: if pi < p2 then (j)''^ : Mp^ i-> Mp^ is given 

by 

[^TM^P2)](A,B)epAT)[x] = [E(Tp,(E(x | B)1b) \ A) ](A,i3)epV 
Observe that the corresponding operators then satisfy 

(3.4) 1a-Tp,[1bx] = 1a-Tp,[1bx], for(A,B)epi. 

Since the simple functions are dense in L°°, we observe that the net {Ap{x))p 
converges to x in the norm. Similarly, the net {Ap{Tx))p converges to T(x). Given 
X G L°° and pi, we obtain according to the compatibility condition (13. 4p that 
Ap^{T — Tp^)Ap^x = Ap^{T — Ap^T)Ap^x for any pi < p2- Now, we we deduce from 
the convergence of the above nets that limp^ ||Apj^(T — Tp^ ) a; || = for any x and 
pi. By using the fact that the simple functions are dense in L°° we conclude that 

(3.5) SOT-limTp^T. 

p 

We claim that for each T G ^ it holds that limf^i \\T o Ij^ ^] • I|| = ||T o Ij^^ij • I|| 
for < s < 1. Indeed, assume to the contrary that 

(3.6) lim||Tol[,,,].I||:=||Tol[,,i].I||-<5 

for a given s and 6 > 0. Let f G Sl°° be such that ||T o l[s.i] ■ I(/)|| > \\T o l[s,i] ■ 
III -S/2. Then fix Fg S^. such that F{T ol^,^^^ • I(/)) > \\Tol[^^ ■l{f)\\ -(5/2. 
Thusi^(rol[, i]-I(/)) > ||rol[^ i]-I||-(5. Recall that FoT is supported outside of 
M, see Proposition 13. 61 Since 1 F o T{l[sj] • f) is not continuous at 1 according 
to p.6p . we have a contradiction. 
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Fix T, S* e S^/X: and we will pick their representatives T, S* G B{L°°), respec- 
tively. To verify the SOT-convex-transitivity, our strategy is to apply rotations R 
on B{L°°) fixing the subspace I as a subset (and thus also A = B{L°°) nl^^) such 
that T G conv^'-''^ (i?S' : R). We may assume without loss of generality, possibly 
by applying approximation later, that ||T|| = ||5|| = 1. Actually, according to (I3.5P 
we are only required to show that Tp G conv^'-'"'"(_R5 : R) for each p G A. 

We claim that for each e > there exists a sequence (Ai) of successive open 
intervals Ai C [0,1] such that US' o 1^. ■ I|| > 1 — e. Indeed, the function t 
\\S o IjQ (] ■ I|| has the value 1 at i = 1, where the function is continuous. Therefore 
we may pick si < 1 such that \\S o l[o,si] 'III > 1 — £■ Put Ai — (0,si). It 
follows from the definition of the || • norm that US' o Ij^^^ j^j • I|| = 1. We 

apply the above continuity observation again to obtain a real S2 G (si, 1) such that 
||S o l[si_s2] - III > 1 — e. Then we put A2 = (si, S2). We proceed recursively in this 
fashion to get the required sequence of intervals Ai-^-i — (s^, Si_|-i). 

Since the sets Ai are disjoint, we have \\S o 1^. • I|| > 1 — e for all i. For each i let 



y 

where y ranges in elements of L°° having the form y — S(l/i.a;), x G L°°. Observe 
that 



Fix a decomposition p E A. Let us enumerate p in the following way: p 3 Ci d 
[0, 1], 1 < i < k, such that ess sup Q = 1 and p 9 Q C [0, 1], k + 1 < i < m, 
such that ess sup Ci < 1. We rotate B{L°°) by permuting the measure algebra 
Bor([0, 1])/Ker(m) in such a way that we may identify Ck+i — Ai, . . . ,Crn = 
Am-k and Ci = Y„gN ^i+nm-fc for 1 < i < TO. Here the careful selection of the 
correspondences is required to maintain A and X. On the other hand, since these 
are only left ideals, such restrictions do not apply on mapping the sets Bi. We 
collect and enumerate the sets Bi according to the same rule by which we treated 
the sets Ai such that p.7p holds. 

By applying obvious rotations R induced by L°° — £°°{L°°), which is a uniformly 
convex-transitive space, we obtain that there is Sq G conv({i?S : R}) such that 
l(2'-i,2')(^)5'ol(2J-i,2J)2; = a.e. Indeed, the set [0, 1] \ \/ Bi can be neglected by 
applying an averaging sliding hump argument with similar idea as in p.ip (or in 
the argument of [El Thm. 3.4] involving sets A„) and e in p.7p can be taken to 0, 
since we take the closure. 

By applying the above sets we aim to find Si G coTw[Q^/x{Sq)) such that 
\\Ap{T - Si)v4p|| < e. We claim that {Gp : G G conv(^^/x(So))} contains aU 
norm-1 finite-rank operators of the form 



where the sets Ei are disjoint and formed by taking unions of sets Ci. We do not 
assume that Yi = [Oj !]■ Indeed, this is obtained by applying obvious rotations 
on L°° and by applying the abovementioned averaging sliding hump argument. 

Let MpG R"^" be the matrix corresponding to Tp. The absolute values of 
reals on each row sum up to 1 at most. This matrix can be thought of as a 
linear operator on the finite-dimensional space of simple functions determined by 



B^ = \/[{t G [0, 1] : \yit)\ > 1 - e}] (mod Ker(TO)) 



(3.7) 



Ps^ -Sol^^ - III <eforz^j. 



(3.8) 
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the partition p. We must show that Mp can be approximated by taking averages 
of matrix representations of operators of the form (|3.8p . In doing this, we may 
assume without loss of generahty that each entry of Mp is of the form ±k/n with 
k e {0, 1, . . . , n}, since n can be taken to be large. 

We form a '3-dimensional matrix' N : {!,..., n}^ ^ R as follows: For each i we 
put N(i,l,m) = 1 for m < \ki^i\ and iV(i.l,rn) = for m > |fci.i| where ki^i/n = 

Mp{i, 1). In general, we define N{i,j, m) = 1 for J^iZi l^j.il < m < X)i=i l^j.'l ^-^d 

for other values of m. Then the approximation for Tp is obtained as the average 

1 " 

X - ^ ^iV(i, j,m)E(x |Cj)lc,, x€L°° 

m—l i.'j 

of operators, which can be realized in the form p.8p . 

We conclude that T G conv^*-*"^ : R). Since the rotations R applied preserve 

1 and A, this means that A/X is SOT-convex-transitive. □ 

We do not know if the Calkin algebra C(L°°) = B{L°°)/IC{L°°) is (SOT-)convex- 
transitive. We note that the above ideals A and I are in fact w-ideals, as the 
following result shows. 

Theorem 3.5. Let X be a unital Banach algebra with a sequence of idempotents 
TTi, i G N, such that \\TTi\\ = ||lx — 27ri|| — 1 for i and ■KiiTj = TTjiTi — ttj for j > i. 
Consider the left ideal 

I^{xeX: lim IIxttJ = 0} C X. 

Then X is a u -ideal. 

Proof. We will define an isometric reflection projection P: X* ^ . Then (I — 
P)* : X** — > I^^ is such as well and we have the claim. 

Let U he a, non-principal ultrafilter on N. For all x* S X* and x S X we define 
P{x*)[x\ = \im.i^ux*{x'Ki). Clearly P is a bounded linear operator. Observe that 

P{x*)[x'Kn] — lima;*(a;7r„7ri) = livax* [xTTi) — P{x*)[x\^ 

i,U i.U 

for a; e X. Thus P'^{x*)[x\ = lim„,2^ P(a;*)(a;7r„) = P{x*)\x\, so that P is a projec- 
tion. 

Note that 

|(I-2P)(a;*)[a;]| = | lim2;*(a;) - a;*(x27r,)| = lim |x*(2;(lx - 27r0)| < ||a;*|| 

i.U i.U 

SO that ||I — 2P|| < 1. The last condition characterizes isometric reflection projec- 
tions among projections P. 

Let us verify that is the image of P. Note that a;(lx — T^i) £ X for all a; G X. 
Thus X* e X^ implies that x*{x{lx ~ T^i)) = holds for all a; G X and i G N. This 
yields x* = P(a;*), so that X-^ C Im(P). 

To check the converse inclusion, pick x* G X* \X^. Then there isy £ X such that 
x*{y) — S > 0. However, P{x*)[y] — liuin.u x* {yiTn) = and hence x* ^ P{x*). 
Thus Im(P) Cl^. □ 

Proposition 3.6. The left ideal A = B{L°°)r\X^^ C 6(L°°) appearing in Theorem 
[g^l satisfies that for all T e A and all x* G C(2R)* it holds that x* oT e M(«H) is 
supported outside of M . 
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Proof. Wc will apply the proof of the previous theorem. Let P: B{L°°)* — > I^, 
P{x*)[T] = lim„,w2;*[ro l[i_2-"4] • I]- Suppose that £ and Tq G A. 

If /i = o To £ (7(371)* = M(93t) has a strictly positive variation on M then we 
may select a Borel set A <Z M such that ^(A) = (5 7^ 0. Define F e B(C(97l))* by 
setting F{T) = z^t(v4) where vt £ M{m) is given hy vt = xloT £ M{m). Observe 
that P{F) = F, so that F el^. Now, i^(Tn) = (5. Thus Tq ^ I^^. □ 

3.3. Cabello's transitive abstract M-space. Recall that the non-trivial ultra- 
product of countably many almost transitive spaces is transitive, see e.g. p] for 
discussion. In [4] Cabello studied a particular case of this, namely, an abstract 
M-space, which is defined as follows: Putting 

00 

Y = V (direct sums in £°° — sense) 

i=l 

and Nu = {{yi) € Y : liuii^u \\yi\\ — 0}, where is a non-principal ultrafiltcr on N, 
yields a transitive quotient space M — Y /Nu- 

The space M. can be endowed with the Banach lattice structure by defining 
X W y ^ [{max(xi,yj)}igN] and x A y ^ [{min(xi, j/j)}igN] for x,y e M where 
the maximum and the minimum are taken pointwise almost everywhere in for 
i S N. Let us write \x\m — x'V—x for x G M. In fact this construction produces an 
abstract M-space as observed in [4] and this was later exploited in [6] in constructing 
almost transitive spaces of the type C{K, X). By substituting the spaces U with L°° 
we obtain an ultrapower of L°° and we will denote it by (L°° )^ . Let J : (L°° )'^ — > 
be the canonical identification [{xi)](^]^oo^u i— >■ [(xj]^, which is non-expansive but 
not injective or onto. 

Next we will make a digression and consider as a special Banach module. We 
define • to be a bilinear operation {L°°)^ x — > such that 

(a) {M, •) is a unital commutative Banach (L°°)'^-bimodule. 

(b) lab) AM=a- J{b) for a, 6 e {L°°f. 

(c) \\a ■ x\\ < \\a\\ \\x\\ for a G (L°°)", x £ M. 

(d) \a ■ x\m = |a|(L~)" ' \x\m for a G (L°°)", x G M. 

(e) \a ■ x\m = if and only if \ J{a)\M A \x\m = for a G (L°°)", x £ M. 

Indeed, given representatives (a^) G £°°{L°°) and (xj) G of a G {L°°)^ and 

X £ M, respectively, we define a • a; as [(a^Xi)] G M, and it is straight-forward to 
check that the operation ■ is well defined. On the other hand, this type of operation 
ah I— >■ [(a^bi)] applied on [L°°)^ makes it a unital commutative Banach algebra. 

The conditions (a)-(d) are easily verified, and next we will check (e). Indeed, 
fix representatives (a,) G £°°(L°°) and {xi) G of a G {L°°f and a; G A^, 

respectively. Note that \a ■ x\m = if and only if liiHi j^ || \aiXi\ W^i ~ and then 
linii,;^ IKIflil Al^iD^II/^i = 0, which implies limj^i^ II |ai|A|a:i| W^i =0. In the opposite 
direction, we may assume that the representatives are chosen in such a way that 
|ai| A |a;i| = for i, in which case it is clear that a ■ x — Q. 

Define a space A^(X) by using Bochner spaces T'(X) in place of U in the con- 
struction of M. Thus, this is a natural 'vector- valued version' of A^. 

Theorem 3.7. //X is almost transitive, then A^(X) is transitive. If X is uni- 
formly convex-transitive, then A^(X) and X^ are uniformly convex-transitive. In 
particular, [L°°)^ is uniformly convex-transitive. 
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Proof. The argument follows the considerations in [13], and [19]. Namely, the 
Bochner spaces LP{L^) are almost transitive for p,r < oo (see e.g. [E]), and it is 
well known that the ultraproduct of such spaces is transitive (see e.g. [1]). 
On the other hand, one can easily check that in the space 



given two elements x = {xn)nGN and y = (y„)„eN such that ||a;„||i„(x) = ||2/n||L"(x) 
for n e N, we have x € con.v{R{y) : R) with rotations R = IlRn, where i?„ S 
Gl'^(x)- Here we apply the fact that the spaces L"(X) are 'equi-convex-transitive', 
that is, they have a common finite upper bound for constants of uniform convex- 
transitivity depending on e. 

Actually, this follows from the fact that the spaces L^(X), p < oo, have the 
same constant K{e) as X itself. Indeed, the convex-transitivity of LP(X) can be 
established by applying an approximation with an outer rotation of and convex 
combinations of inner rotations of X via simple functions, exploiting similar ideas as 
in [13] and [19]. Since the simple functions are dense, and we applied approximation 
with one outer rotation, their use will not affect the value of K{e). 

The argument is completed by picking suitable representatives for x, y G S^(x)i 
as above. The existence of such representatives follows by inspecting the properties 
of the ultralimit, since limji^^^ ll^^nll = liinn,w WUnW = 1- Then we apply the above 
approximation of a;. The rotations R used above fix Nu, so that we have the claim. 

The statement regarding X^ follows by similar reasoning. □ 

The above argument yields that if (Y„) is a sequence of Banach spaces that is 
equi-convex-transitive in the above sense, then the corresponding ultraproduct is 
uniformly convex-transitive as well. 



We do not know what is the relationship (if any) between the following two 
conditions of a Banach space X: 

(i) (X, II • II) has a maximal norm ( [24] ) . that is, for any equivalent norm ||| ■ ||| 
on X the condition 5(x,|H|) C ^(x,||M||) implies that 5(x,|H|) = ^(x,||H||)- 

(ii) ^/(x,|| ||) does not admit any non-trivial invariant subspace. 

4.1. Convex-transitivity of tensor products. Recall that the projective tensor 
norm || ■ 11,^ on X{^ Y is defined as follows: 



Then X{^^Y is the completion of the space X{^Y in the || • norm. 

It is a natural question to ask whether convex-transitivity is preserved in taking 
tensor products and this problem implicitly appeared in |19j . 

Lemma 4.1. Let x G Sx and y e Sy be big points. Then x ® y is a big point in 



Proof. By density considerations it suffices to check that elements of the form u ~ 
X^i ^j®yj are contained in conv(^-j^jg ^(x(i)y)) , ^here \\yi\\ = 1 for i and ||a;i|| — 



Y ^ i"(X), (summation in -sense) 



4. Final remarks 
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1. Moreover, since the set conv{Q^^ yix (B y)) is invariant under taking convex 



combinations, it suffices to check that {v 



< w : 



{v,w) e Sx X Sy} is contained 



in conv(^-jjg y{x (g) y)). By using the fact that y is a big point, we get that 

X ^ w G conv({(Ix (8) T){x (8) y) : T € Qy})- Similarly, we get that v ® w € 
conv({(T (g) Iy){x (X) y) : T S Gx}), which gives the claim. □ 

For convenience we will label a property of normed spaces. We say that X is 
L-like if the following condition is satisfied: For each e > 0, and x-i,X2, ■ ■ ■ ,Xn G X 
there are zi, Z2, ■ ■ ■ ,Zk G X and L^-projections Pi, P2, • • • , -Pfe such that 



dist(.Xm, span(zi : 1 < i < k)) < e, 

and PiZi — Zi = PiZj = ioT 1 < i < k, i ^ j. Recall the well-known fact that 
projections commute. 

An example of an L-like almost transitive space, apart from L^, is its non- 
complete subspace of functions / satisfying limt_>.i f{t) = 0. 

Theorem 4.2. Let X and Y he convex-transitive norm,ed spaces, and suppose that 

X is additionally L-like. Then X{^^Y is convex transitive. 

Proof. First we will verify that for each L^-projection P on X and rotation T on 
Y we have that operators of the form R = (Ix — P) ^ly + P ®T are rotations 
on X0^Y. Clearly this mapping defines a linear bijection on X0Y, and it is 
required to check that it is an isometry. In fact, by symmetry it suffices to prove 
that R is contractive. Towards this, given e > 0, fix X^iLi ® Hi ^ X0 Y such 
that Yh=\ Ikill hiW < II E"=i <S> yi\\ + e. Then 



Ri^Xi<Siy, 



U=i 




(Ix-P)«)Iy) ij2^i®yi 



(p®r) 



vi=l 



Xi ig) yi 



<^||(I-P)x,|| ||yi|| + l]||Px.|| ||2/.|l = Ell^^ll ll^'^ll- 

i=l i=l i=l 

Thus we have the claim. 

Next, we wish to check that given any norm-1 element v € X(^^Y it holds that 
X G conv(^^g y(^^))- By using multiple times the triangle inequality and the 
i-likeness condition this task reduces to checking the following statement (while 
retaining the notations of L-likeness formulation). Namely, that the closed convex 
hull of any vector Vq = J2m Si cii,mZi (8> ym of norm-1 rotated with rotations type 
R is the whole unit ball. Here we may assume that 



El 



e < 



EE«v 



for i. 



By tensor calculus rules we may normalize the previous presentation in such a 
way that ||zi|| = 1 for i. By the convex transitivity of Y we get || ai,mym\\y S 
conv{QY{^^ ai,mym)) for each i and y G Sy- Fix y G Sy and for each i let 
T2,i . . . , Tjv,i G Gy be rotations such that 



Ea 



y 



~ E ^'.M E ^hmVm J 
1=1 \ m ) 



< e. 
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Then it can be seen that 

N 



S = N-^ ^((Ix - ^ F.) ® Iy + Pi ® Tlx + P2®Ti,2 + . . . + Pk®Ti 



Lk) 



1=1 



is an average of N many rotatations, which are obtained by composing k many 
rotations of type R. Moreover, 



y 



Svq 



< e. 



Write z = J2i\\ J2m ai,mVm\\zi. Note that z (g) y e conv((?^g y^'"^))- Since ||z|| > 
1 — e we obtain by using Lemma |4?l] that X{^^Y is convex-transitive. □ 

4.2. Some 'known' symmetric spaces. Consider hP{B) spaces of harmonic func- 
tions, where B is the open unit ball of M". For 1 < p < oo there exists by applying 
the Poisson kernel an isometric isomorphism from hP{B) onto LP{S), where S is the 
unit sphere, see [51]. Similarly, for open half-space R" and 1 < p < oo the space 
/i^(M" ) is isometric to LP(W^~^). Thus in both cases the harmonic Hardy space is 
almost transitive, being isometric to L^. We do not know if some other common 
function theory motivated function spaces (ibid, reference) are convex-transitive. 

Let X be the space of absolutely continuous functions / : [0, 1] R with bounded 
variation and vanishing at the boundary {0,1}. Then X endowed with the total 
variation norm is almost transitive. Indeed, X is isometric to the 1-codimensional 
subspace of of all the functions with average 0. It was pointed out in [22] that 
this subspace is in turn almost transitive, even though it is neither isometric to L^, 
nor contractively complemented in it. 
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